Abstract. In this paper, we explore the properties of white dwarfs with the modified TOV in gravity's rainbow, this shows that modified gravity effect is quite non-negligible for white dwarfs, and could be significant depending on the value of rainbow function and cosmological constant. We study the rainbow function and cosmological constant on the properties of white dwarf such as M − ρ c relation, M − R relation, Schwarzschild radius, average density, compactness, and gravitational redshift. An interesting result is that the maximum mass, radius and Schwarzschild radius in the gravity's rainbow equal the value in Einstein gravity times rainbow function H(ε), this rule also be suitable for neutron stars in gravity's rainbow. On the other hand, type Ia supernovae(SNeIa), are believed to be triggered in white dwarfs having mass close to the Chandrasekhar limit. However, observations of several peculiar, under-and over-luminons SNeIa argue for exploding masses widely different from this limit. Our results indicate that the rainbow function induced sub-(H(ε) < 1) and superChandrasekhar(H(ε)>1) limiting mass white dwarfs lead to under-and over-luminous SNeIa respectively.
Introduction
Tolman, Oppenheimer, and Volkoff(TOV) made the first attempt for obtaining Einsteinian hydrostatic equilibrium equation (HEE) for stars [1] [2] [3] , the physical characteristics of stars using TOV equation have been investigated by many authors [4] [5] [6] [7] [8] . On the other hand, the observations of type Ia Supernovae (hereafter SNeIa) confirm that our universe is undergoing acceleration [9] , but the Einstein theory of gravity is can't explain this acceleration which indicates that it's necessary to modify the Einstein gravity. In order to improve the Einstein gravity, a large number of modified theories of gravity such as F (R) [10, 11] , F (G) [12] , dilaton gravities [13] , gravity's rainbow [14] , massive gravity [15] and post-Newtonian theory [16] have been employed. The modified TOV in gravity's theory has been applied to neutron stars [17, 18] , but has rarely been explored for white dwarfs [19] , perhaps the reason for not doing so, is the larger size and lower density of white dwarfs, which apparently argue for their much weaker gravitational field compared to neutron stars.
SNeIa are an important tool for our understanding of the universe, these SNeIa are believed to result from the violent thermonuclear explosion of a carbon-oxygen white dwarf, when its mass approaches the famous Chandrasekhar limit of 1.44M . Due to their high luminosities and remarkable uniformity, SNeIa was used as a standard candle for cosmological measurements, and hence , in understanding the expansion history of the universe [20] . However, the discovery of several peculiar SNeIa provokes us to rethink the commonly accepted scenario. Some of these SNeIa are highly over-luminous, e.g. SN 2003fg, SN 2006gz, SN 2007if, SN 2009dc [21, 22] , and some others are highly under-luminous, e.g. SN 1991bg, SN 1997cn, SN 1998de, SN 1999by, SN2005bl [23, 24] . The progenitor masses required to explain the luminosity of the former group of SNeIa lie in the range 2.1-2.8M . The models in order to explain super-SNeIa progenitor mass, include rapidly rotating white dwarfs [25] , highly magnetized white dwarfs [26] , charged white dwarfs [27] . However, they also harbor several doubts such as no estimate of the mass limit of rotating white dwarfs, the stability issues of strong magnetic white dwarfs [28] [29] [30] , the existence of observable effects of strong electric field [30] . There are also many attempted models to explain the latter group (subSNeIa) include explosion of a single sub-Chandrasekhar white dwarf triggered externally due to accretion of a helium layer [31] , explosion due to the merging of two sub-Chandrasekhar white dwarfs [32] . Das et al. made the first attempt to link the sub-and super-Chandrasekhar SNeIa by modified Einstein's gravity [19] .
The gravity's rainbow is known as the doubly special relativity to incorporate curvature [33] , where the doubly special relativity is the modification from Galilean Relativity to Special Relativity. The gravity's rainbow has been studied in black holes [34] [35] [36] and neutron stars [14] , it was shown that the properties of black holes and neutron stars are modified in gravity's rainbow. In this work, we aim at exploring the effect of modified TOV in gravity's rainbow in white dwarfs. This shows that modified gravity effect is quite non-negligible for white dwarfs and could be significant depending on the value of rainbow function and cosmological constant.
The plan of this paper is as follows. First, we briefly review the 4-dimensional hydrostatic equilibrium equation in gravity's rainbow, then we recall the equation of state (EOS) and boundary conditions, subsequently, we present the structure properties of white dwarf in gravity's rainbow, where two subsections are included: the properties of white dwarfs in gravity's rainbow without the cosmological constant and with cosmological constant. We conclude with a short summary in the last section.
4-dimensional hydrostatic equilibrium equation in gravity's rainbow
The action of Einstein gravity with the cosmological constant in 4 dimensions is given by:
where g is the determinant of the metric tensor, R is the Ricci scalar, defined by R = g µν R µν , Λ is the cosmological constant, I Matt is the action of matter field. Varying the action (2.1) with respect to g µ ν , then one obtains the equation of motion for this gravity:
where K = 8πG c 4 , G ν µ and T ν µ are the Einstein and energy-momentum tensors of the matter field. The static solutions of eq.(2.2) in gravity's rainbow has been obtained in Ref. [14] , where the hydrostatic equilibrium equation in Einstein-Λ gravity's rainbow for 4-dimension can be written as:
3)
The effective mass M ef f is a function of r and ε:
where H(ε) in the above eqs. in which ε = E E P , E P is the Planck energy, more details of the parameters in the above equation can be found in Ref. [14] .
It was noting that when Λ = 0 and H(ε) = 1 for eq.(2.3), the usual TOV equation will be recovered perfectly [1] [2] [3] .
Equation of state and boundary conditions
We use the equation of state(EOS) of white dwarfs obtained by Chandrasekhar [37] , which are constituted of electron degenerate matter,
and
where = h/2π, h is the Plank's constant, k is the momentum of electrons, µ e is the mean molecular weight per electron (we choose µ e = 2 for our work), m p is the mass of a proton. The Chandrasekhar's EoS of the electron degenerate matter was shown in Fig. 1 . The HEE in Einstein-Λ gravity's rainbow as eqs. (2.3)(2.4), accompanied by the above EoS, can be solved numerically with boundary conditions M (r = 0) = 0 and ρ(r = 0) = ρ c , where ρ c is the central density of the white dwarf. In our work, we vary ρ c from 10 8 kg m −3 to a maximum of 10 14 kg m −3 .
In figure 2 , we compare the Newtonian solutions with those in general relativity(nonmodified Einstein gravity), i.e., the H(ε) = 1, Λ = 0 case. Figures 2 confirms that in the Newtonian case, with the increase of ρ c , M increases and R decreases, until it saturates to a maximum mass M max ∼ 1.44M , which is the famous Chandrasekhar limit. We further confirm that in the general relativistic case, with the increase of ρ c , M increases and R decreases until it reaches M max = 1.41M at ρ c = 3.6 × 10 13 kg/m 3 . A further increase in ρ c results in a slight decrease in M , indicating the onset of an unstable branch, which is absent in the Newtonian case [37] . For low density white dwarfs having ρ c < 10 11 kg/m 3 , the Newtonian and general relativistic M −ρ c curves are identical. However, for ρ c > 10 11 kg/m 3 , general relativistic effects become important, leading to a slightly smaller M compared to the Newtonian case, as a result, resulting in a smaller M max .
Structure properties of white dwarf in gravity's rainbow
In this part, we will show the results obtained from our calculations. Although the famous Chandrasekhar limit given the mass limit of the white dwarf, which is 1.44M , the explosion of peculiar type Ia supernovae provoke us to rethink the maximum mass of white dwarf. So far, the maximum mass of white dwarf is still an open question, in the present work, we would like to see whether the maximum mass of white dwarf is more than 1.41M by employing the Chandrasekhar EOS with the modified TOV in gravity's rainbow, besides, we also investigate the properties such as Schwarzschild radius, average density, compactness, and gravitational redshift of white dwarf in gravity's rainbow.
Properties of white dwarfs in gravity's rainbow without the cosmological constant
The effect of the rainbow function on maximum mass of white dwarf was investigated. In table 1, we show the maximum mass of white dwarf with different rainbow function H(ε), it's notable that, for H(ε) = 1, the maximum mass of white dwarf reduces to the result that was obtained in Einstein gravity. On the other hand, our results show that, by increasing rainbow function more than 1 (H(ε) > 1), the maximum mass of white dwarf increases (see table 1 ). Note that the mass of a white dwarf reaches it's maximal value with a central density below the neutralizing density, thus, it can avoid possible neutronization. Interestingly, for 1.5 ≤ H( ) ≤ 2.0, all values of M max are highly super-Chandrasekhar, ranging from 2.12 − 2.82M , this could explain the observed super-SNeIa mentioned above [21, 22] . In order to conduct further investigations, in figure 3 , we show the gravitational mass versus central mass density and radius, different lines represent different values of the rainbow function. On the contrary, for H(ε) < 1, both maximum mass of white dwarfs and radius of these stars are smaller than the Einstein case(see table 1 and figure 3 ), this is a remarkable finding since it could explain the observed sub-SNeIa mentioned above [23, 24] , increase the mass beyond M max for a given H(ε) < 1 will trigger the gravitational instability. This emphasizes the contributions of the gravity's rainbow on properties of white dwarfs.
In table 1, we used the modified TOV equation in eq. (2.3) for H(ε) < 1 and H(ε) > 1, in the following, we are going to investigate other properties of white dwarf in the gravity's rainbow such as the Schwarzschild radius, average density, compactness and the gravitational redshift..
Schwarzschild radius
The Schwarzschild radius for the obtained masses in gravity's rainbow is:
As it was pointed out, the mass of white dwarf depends on rainbow function and thus we expect the Schwarzschild radius varies depending on choices of rainbow function, the results are presented in table 1. It is evident that, the Schwarzschild radius is an increasing function of rainbow function.
Interestingly, if we write M max , R and R Sch as a function of H(ε), from table 1, we can get the following relations:
In other words, the maximum mass, radius, and Schwarzschild radius of white dwarfs obtained in gravity's rainbow equal H(ε) times the value in Einstein gravity's case. This rule is also suitable for neutron stars in gravity's rainbow, one can check it carefully in table 2 and 3 in Ref. [14] .
Average density
Now, using the effective mass and radius obtained in the gravity's rainbow, the average density of a white dwarf has the following form:ρ
where it is a decreasing function of H(ε). The central density of the white dwarf in table 1 is about 4.0 × 10 13 kg m −3 , the average density for white dwarfs in table 1 is less than the central density.
Compactness
The compactness of a spherical object indicated the strength of gravity, it was defined as the ratio of Schwarzschild radius to the radius of object
we can see from table 1, σ is almost the same for these white dwarfs, which indicates that the strength of gravity is same for these white dwarfs. From eqs. 
Gravitational redshift
The gravitational redshift is in the following form
Because the radius of white dwarf is greater than the Schwarzschild radius, the gravitational redshift is very small (in the order of 10 −3 ), the results can be found in the last column of table 1, it shows that the gravitational redshift is almost the same for white dwarfs with different mass. Also, we plot the pressure (density) versus distance from the center of white dwarf. As one can see from figure 4, the pressure and density are maximum at the center and decreases monotonically towards the boundary.
Properties of white dwarfs in gravity's rainbow with cosmological constant
In this subsection, we take the effects of variation of the cosmological constant into account, our results are presented in table 2.
As one can see, interestingly, the maximum mass of white dwarf is a decreasing function of the cosmological constant. In other words, the maximum mass of white dwarfs with the cosmological constant are in the range M max ≤ 1.41M for H(ε) = 1, in the range M max ≤ 2.82M for H(ε) = 2. For further investigations of the behavior of the mass versus radius, we have plotted the figures 5 and 6, it's evident from figures 5 and 6 that the behavior of mass as a function of the central mass density (or radius) is highly sensitive to the variation of cosmological constant(figure 6), for large values of cosmological constant, the behavior is completely modified. The red lines in the middle and last panel of figure 6 show the instability branch which caused by the cosmological constant, for Λ = 1 × 10 −17 m −2 , the critical point is at about ρ c = 4 × 10 9 kg m −3 , M = 0.68M ; for Λ = 1 × 10 −16 m −2 , the critical point is at about ρ c = 3 × 10 10 kg m −3 , M = 0.66M .
The Schwarzschild radius of gravity's rainbow in the presence of the cosmological con- 
stant is
(4.8) The results show that the Schwarzschild radius is a decreasing function of the cosmological constant when Λ > 1 × 10 −16 m −2 , for Λ < 1 × 10 −16 m −2 , the cosmological constant doesn't affect the Schwarzschild radius.
The gravitational redshift in gravity's rainbow in the presence of cosmological constant is:
The results show that, the gravitational redshift is a decreasing function of the cosmological constant, its value is very small (in the order of 10 −3 ) compared with neutron stars which is in the order of 10 −1 , it's notable that, when Λ = 1 × 10 −13 m −2 , the redshift becomes negative. As the value of the cosmological constant is still an open question, its consistent values in various scenarios are different, therefore, we can give this free parameter an upper limit as Λ < 10 −13 m −2 . According to our results in table 2, the cosmological constant has no significant effect on the properties of white dwarfs when it's value is less than 10 −16 m −2 .
In order to investigate internal structure of the white dwarf in the presence of cosmological constant in gravity's rainbow, we plot the pressure (density) versus distance from the center of white dwarf in figure 7 , it shows that the pressure and density are maximum at the center and decrease monotonically towards the boundary.
Conclusions
In this paper, we discussed the properties of white dwarf with modified TOV in gravity's rainbow. We have investigated the maximum mass of white dwarfs by using the Chandrasekhar equation of state of electron degenerate matter, the results showed that the rainbow function affects the maximum mass of white dwarfs, for H(ε) > 1, by increasing H(ε), the maximum mass of white dwarf increase to more than 2M , for H(ε) < 1, the maximum mass is less than the Chandrasekhar limit. When we added the cosmological constant into this gravity, our results show that for Λ < 10 −16 m −2 , the cosmological constant does not affect the maximum mass and radius of white dwarfs. On the other hand, for Λ > 10 −17 m −2 , the mass versus radius of a white dwarf may instability at low densities, e.g., for Λ = 1 × 10 −17 m −2 , the critical point is at ρ c = 4 × 10 9 kg m −3 , M = 0.68M ; for Λ = 1 × 10 −16 m −2 , the critical point is at about ρ c = 3 × 10 10 kg m −3 , M = 0.66M . Interestingly, the rainbow function induced sub-(H(ε) < 1) and super-Chandrasekhar(H(ε) > 1) limiting mass white dwarfs can be as a candidate of under-and over-luminous SNeIa respectively.
Besides, we also investigated the effects of rainbow functions and the cosmological constant on the other properties of white dwarf such as: the Schwarzschild radius, average density, compactness and gravitational redshift. We found that the cosmological constant is a decreasing function of the maximum mass of white dwarfs when Λ > 10 −16 m −2 , for Λ < 10 −16 m −2 , the cosmological constant doesn't affect the properties of white dwarf (see table 2 for more details). An interesting result is that the maximum mass, radius and Schwarzschild radius in the gravity's rainbow equal the value in Einstein gravity times rainbow function H(ε), this rule also be suitable for neutron stars in gravity's rainbow, but we have not got the exact solution for this rule, we leave this issue for future work.
